Abstract A robust optimization design approach of natural laminar airfoils is developed in this paper. First, the non-uniform rational B-splines (NURBS) free form deformation method based on NURBS basis function is introduced to the airfoil parameterization. Second, aerodynamic characteristics are evaluated by solving Navier-Stokes equations, and the c À Re ht transition model coupling with shear-stress transport (SST) turbulent model is introduced to simulate boundary layer transition. A numerical simulation of transition flow around NLF0416 airfoil is conducted to test the code. The comparison between numerical simulation results and wind tunnel test data approves the validity and applicability of the present transition model. Third, the optimization system is set up, which uses the separated particle swarm optimization (SPSO) as search algorithm and combines the Kriging models as surrogate model during optimization. The system is applied to carry out robust design about the uncertainty of lift coefficient and Mach number for NASA NLF-0115 airfoil. The data of optimized airfoil aerodynamic characteristics indicates that the optimized airfoil can maintain laminar flow stably in an uncertain range and has a wider range of low drag. 
Introduction
There are three key techniques of the airfoil optimization design: computational fluid dynamics (CFD) technique, aerodynamic shape parameterization and optimization search algorithm. The parametric method not only determines the smoothness of the airfoil, but also directly affects the design space of optimization search. Accordingly, it is one of the key techniques of aircraft shape optimization design, as the choice of parametric methods leads to a direct impact on design result. Reliable CFD technique is the key to provide accurate objective function. Reducing drag is an important goal of aircraft design and friction drag accounts for about 40% of the total drag for general aircraft. For civil aircraft like Boeing 737 and MD-80, the proportion of friction drag is even larger. Therefore, the natural laminar flow airfoil and wing have been expected to reduce friction drag for improving aircraft performance and reducing cost. Significant research effort has been focused on the design and research of the natural laminar flow airfoil, for example, the NACA6-series airfoils 1 and the subsequent NLF(1)-0414F, 2 NLF(1)-0414F, 3 etc. There are two methods for the natural laminar flow airfoil design. One is the inverse design based on the desired pressure distribution or velocity distribution. [4] [5] [6] [7] The computational expense of this method is not massive, however, there may be no acceptable airfoil for the desired pressure distribution and it is difficult to design a reasonable desired pressure. In order to overcome the above mentioned difficulty in inverse design method, the numerical simulation design [8] [9] [10] has been presented recently.
There are some difficulties in the laminar design, such as the low precision of the numerical simulation for boundary layer transition and the lack of transition models for engineering application. It is of significant importance to carry out numerical simulation of boundary layer transition. Moreover, it is difficult to carry out the multi-point/objective design of the natural laminar flow airfoil.
The optimization of traditional airfoil design method is supposed to be under idealized environmental conditions, but when disturbance has been introduced into the flight environment, the optimal airfoil performance may change rapidly. For example, for the natural laminar flow airfoil, when the lift coefficient exceeds the design lift, the drag will increase rapidly and a wide range of laminar flow region may not be maintained on the airfoil surface. The degradation of airfoil performance exceeding the design condition can be efficiently solved by the robust design of the airfoil. Take the same example of lift coefficient under the uncertain factor. The goal is to reduce the airfoil drag in the prescribed range of lift coefficient, while maintaining the performance fluctuations as small as possible. Of course, airfoil robust design should consider not only the uncertainty of the lift coefficient, but also the airfoil processing error which is the uncertainty of the geometrical error, the flight altitude and the Mach number. To make optimum result insensitive to the off-design flight conditions, various robust design methods have been adopted [11] [12] [13] [14] [15] in airfoil design. Because of the complication of multi-objective design problem, only a few researches have been performed on robust airfoil design considering multiple flight conditions. 16 In this paper, we take lift coefficient and Mach number as an uncertainty factor separately to study the robust design of the airfoil.
One of the major barriers in the robust design is the computational expense of the uncertainty analysis for a given design. In this paper, a robust optimization procedure is proposed based on surrogate model methods to overcome this barrier. It is expected that the use of the surrogate model is able to overcome the difficulty resulting from the computational expense of the uncertainty analysis in the robust design.
FFD method based on NURBS spline curve
The free form deformation (FFD) 17, 18 is described as follows. For arbitrary spaces, any arbitrary shape framework and control vertices can be built. By embedding the object consistent with the FFD space into this framework and manipulating control points of the lattice, the deformation of the object with better flexibility can be achieved. Following the above steps, we can derive arbitrary deformation of the object by control vertices. [19] [20] [21] This paper establishes free form deformation on the basis of NURBS (NFFD) technique, which can maintain the continuity of arbitrary order derivative of deformed object. This method allows the control of vertices' distributes to be non-uniform and has strong local control ability while automatically maintaining the continuity of the internal deformed object during the deformation process. This method generally includes the following steps.
(1) Define the control volume and construct a local coordinate Ostu. Usually we use the rectangular to construct control volume, which consists of regular parallel grid of variable numbers in three orthogonal directions, and construct control vertices P i;j;k . The method of discretization is not unique, depending on the specific object to be deformed. (2) Embed the deformed object into the control volume.
The corresponding point L P ðs; t; uÞ is identified in the control volume for every point X ðs; t; uÞ of the deformed object. The mapping of X ðs; t; uÞ to L P is one to one mapping. Solving L P is an inverse problem, which can be solved by numerical methods. The NFFD technology presented in this paper deforms the airfoil and grids directly. Fig. 1 shows the original airfoil grid and the position of each point in control volume. The displacements of the control vertex are the variables in the design process. Fig. 2 shows the airfoil grid after deformation and the new position of control point, and Fig. 3 the comparison between the original foil and new foil, where x/c is the abscissa of the airfoils, y the ordinate of the airfoils. 
Numerical simulation of boundary layer transition
The transition prediction method currently used in practice is incompatible with modern CFD technique, as it is difficult to be applied to parallel RANS solver. As an attempt to tackle the above mentioned drawback, Langtry and Menter presented the c À Re ht transition model entirely based on local variable transition model of SST k À x turbulence model. 22, 23 This model combines transition experience relationship with intermittent function. Making use of the relevance function of transition momentum thickness Reynolds number, the distribution of intermittent function in boundary layer can be controlled and the turbulence can be controlled through intermittent function.The purpose of c À Re ht transition model is to solve intermittent function c that controls the production of turbulent kinetic energy to achieve the local transition. The dimensionless conservation form of c transport equation is
where l is the molecule viscosity, l t kinematic Eddy viscosity, c the intermittency, q the density, u i the velocity, S the strain-rate magnitude, F length an empirical correlation that controls the length of the transition region, and F onset controls the transition onset location. Both are dimensionless functions that are used to control the intermittency equation in the boundary layer. X is the magnitude of vortices, and F turb is used to disable the destruction/relaminarization source outside of a laminar boundary layer or in the viscous sublayer. The model constants are: 
F wake e
where t is a time scale. The function P ht is to make Re ht and Re ht equal outside the boundary layer by constructing Re ht À Re ht in the above equation. Mixing function F ht is used to close P ht in order to calculate Re ht outside the boundary layer. The basic principle is F ht ¼ 0 outside the boundary layer and F ht ¼ 1 inside the boundary layer. The role of F wake is to make F ht ineffective in the wake region. A numerical simulation of transition flow around NLF0416 airfoil is conducted to test the present code. Low-speed experiments of NLF0416 airfoil were performed by Somers 24 at lowturbulence wind tunnel (LTPT) in NASA Langley Research Center, and the obtained result has become the validation standard for transition prediction model. The farfield condition is Ma 1 ¼ 0:10, Re ¼ 2 Â 10 6 , turbulence intensity is 0.2%, and turbulent viscosity ratio is 10%. Fig. 4 shows the comparison between lift-drag polar curves of numerical simulation and experimental data. It can be concluded that the results of numerical simulation agree reasonably well with experimental data. The comparison of the transition location of upper and lower surface of the airfoil between the transition models and the experimental results is shown in Fig. 5 , where solid points represent laminar flow state, hollow Robust design of NLF airfoilspoints represent the turbulent state, and the transition point is between solid points and hollow points. It can be observed from the figure that, at the small or medium angle of attack, the transition location is close to the experimental results, which implies that the transition boundary layer numerical simulation technology used in this paper is of significant precision. Consequently, a more accurate objective function in the laminar flow airfoil aerodynamic optimization design can be obtained.
Robust design system of aerodynamic optimization

Robust design
The robust design of the airfoil is optimizing the mean and variance of airfoil performance in an uncertainty range. This paper establishes the robust design model based on the uncertain input variables.
Objective: min l 
where C Di is the drag coefficient, l cd the meanvalue of C Di , n the number of rand simulated in the uncertainty range, and r 2 cd the variance of drag coefficient.
Optimization algorithm
In this paper, the SPSO (separated particle swarm optimization) is used, which divides one group into four smaller sub-groups: Sub-group 1, Sub-group 2, Sub-groups 3 and Sub-group 4. The evolution of each sub-group is carried out according to the different evolutionary law. Each sub-group corresponds to a different weight factor. Each sub-group has the division of labor, the one with smaller weight coefficient processes local search, while the other one with bigger weight coefficient processes global search. Thus, both global optimization ability of the entire group and local search ability of the group can be ensured. The 1st sub-group acts as the local search group and the others act as global search groups in this paper. The update of speed and location of each particle is with the same formula as the standard particle swarm. Difference comes out during the selection of global optimum position. Particles chose their global optimal position at the subgroups they belong to. After updates of the velocity and position, particle updates the global optimum location of its subgroups respectively. Finally, it updates global optimum location of the 1st sub-group by global optimum location of other sub-groups, which can ensure that when the particle does local search, it is always searching the curent optimum location, and convergence is accelerated. The function LevyNo. 5 is chosen as the test function for verifying the performance of optimization algorithm. The function expression is 
The global minimum value point of test function LevyNo.5 is (À1.3068, À1.4248), and the corresponding function value is À176.1375. There are 760 local minimum value points in the domain of this function. It is difficult to find the global mini- mum point. The convergent course is shown in Fig. 6 . The final result is that optimal function value is À176.137, and the variables are (À1.3071238, À1.4251873).
Design of experiment and surrogate model
The common experimental design methods include completely randomized design, orthogonal design, uniform design, Latin hypercube design, etc. 25 This paper uses Latin Hypercube method to select samples. Assume that there are m variables and N samples. The following formula is used to generate the samples:
where the serial number of samples is i, ,the serial number of variables is j, U is a rand number between [0, 1], and p an independent random number array of 0; 1; . . . ; N À 1. However, the uniformity of samples produced by this method is poor. There are two ways to solve this problem. One is to narrow the range of LHS, such as Orthometric-LHS, 26, 27 et al. The other is to optimize the distribution of the samples with certain criteria, such as maximin distance design and minimax distance design. 28 The maximin distance design is adopted in this paper. The application of surrogate model technology provides the possibility to large-scale optimization design, especially in CFD. 29, 30 The Kriging model 31, 32 is introduced to this paper, which has good fitting results of multi-peak problems, as the surrogate model of solving airfoil flow field problems.
Examples
The NASA NLF-0115 airfoil is selected as the original airfoil, which has a better aerodynamic characteristics under the design cruise conditions:
The drawback of this airfoil is that a wide range of laminar flow and low drag characteristic cannot be maintained when there is some disturbance of the Mach number or lift coefficient in this article. We made robust design based on the Mach number uncertainty and the lift coefficient uncertainty respectively. Of course, the two uncertainties can be simultaneously considered into the robust design. As an extension of this article, the further studies about the two kinds of uncertainties will be carried out.
Robust design based on the uncertainty of lift coefficient
Assuming that the lift coefficient obeys uniform distribution from 0.60 to 0.70, the maximum thickness of airfoil should be more than or equal to 0.15. The design cruise condition is present as Ma 1 ¼ 0:65; C L ¼ 0:65; Re ¼ 3:0 Â 10 6 . The flight turbulence intensity is Tu ¼ 0:2%, and turbulent viscosity ratio is 10.
In this optimization problem, 400 samples were produced by the Latin Hypercube method, and the object was evaluated for each sample by numerical simulation of boundary layer transition, and then surrogate model was built. 33 In each generation of optimization process, an arbitrary condition in the range of lift coefficient of the optimal particle is selected to check its object and then to update the surrogate model. The convergent condition is satisfied at the 23rd iteration. Based on design requirements, the following aerodynamic optimization mathematical model is established:
Subject to : t max P 0:15 Fig. 7(a) shows the pressure drag coefficient and friction drag coefficient varying with lift coefficient of original airfoil and optimized airfoil; the friction drag and pressure drag of original airfoil vary rapidly with lift coefficient. The friction drag coefficient C dv of optimized airfoil is smaller than the original one, although pressure drag coefficient C dp has increased under some conditions. The trends of them are eased and that is the result of robust design . Fig 7(b) shows the airfoil drag coefficient as a function of lift coefficient for both original airfoil and the optimized one. In the whole range of lift coefficient, although there is a trade-off of the pressure drag between the original airfoil and optimized one, friction drag acquires an inspiring drop, and the performance of airfoil has been improved, especially, when the lift coefficient is greater than 0.68, the rapid change of drag calm down so that the airfoil has a wide range of low drag. Fig. 8 is the comparison between the original airfoil and optimized airfoil, the maximum thickness location of optimized airfoil shifts backward, the maximum curvature decreases and the pressure drag reduces. The pressure distribution of original and optimized airfoils is compared at the design cruise condition when lift coefficient is equal to 0.7.
As shown in Fig. 9 , the pressure coefficient C p distribution of the optimized airfoil is more conducive to the maintenance of laminar flow section. The friction coefficient C f distribution of the original and optimized airfoils is compared in Fig. 10 at the design cruise condition and when lift coefficient is equal to 0.7.
The laminar flow region of the upper surface increases for the optimized airfoil, and the laminar flow region of the lower surface remains unchanged. The relation of transition location varying with lift coefficient of the upper and lower surface of the original and optimized airfoils is shown in Fig. 11 . (Note: this article always takes the lowest point of friction coefficient mutations as the transition location). The transition location on the upper surface of optimized airfoil is moving backward compared with the original ones, the range of natural laminar flow region on the upper surface is at 60% of the chord, and the optimized transition position on the lower surface is controlled within 0.57%-0.61% of the chord. The optimized lower surface considers the pressure drag, decrease of cruise attack angle, with small laminar flow section loss under some conditions. The drag performance comparison between the original and optimized airfoil is shown in Table 1 . 
Robust design based on the uncertainty of Mach number
Assuming that the Mach number obeys uniform distribution from 0.60 to 0.70, and the maximum thickness of airfoil should be more than or equal to 0.15, the design cruise condition is present as Ma 1 ¼ 0:65; C L ¼ 0:65; Re ¼ 3:0 Â 10 6 . The flight turbulence intensity is Tu ¼ 0:2% and turbulent viscosity ratio is 10.
In this optimization problem, 400 samples were produced by the Latin Hypercube method, the object was evaluated for each sample by numerical simulation of boundary layer transition and then surrogate model was built.
In each generation of optimization process, an arbitrary condition in the range of Mach number of the optimal particle is selected to check its object and then to update the surrogate model. Based on the design requirements, the following aerodynamic optimization mathematical model is established:
Subject to : t max P 0:15 Fig. 12(a) shows the C dp and C dv varying with Mach number Ma of the original airfoil and optimized airfoil. The original airfoil has a very gentle friction coefficient in the whole Ma range so that the original airfoil laminar flow region changes little with Ma. But the pressure drag changes rapidly. The main purpose of the robust design in this study is to maintain the original airfoil laminar region while improving the rapid change of pressure drag, so that the low drag characteristic of airfoil is kept in the entire Ma range. The optimized airfoil C dv is less than the original airfoil when the Ma is less than 0.67; friction drag does not exceed 1 count when Ma increases from 0.68 to 0.70. The optimized airfoil keeps the stability of laminar flow. The divergent trend of pressure drag tends gently although the C dp has increased in some conditions. Fig. 12(b) shows the airfoil C D of both the original airfoil and optimized one varying with Ma. The original sharp change of drag becomes flat. Fig. 13 presents the comparison between the original airfoil and the optimized one. The head radius of optimized airfoil decreases as the maximum thickness location shifts backward.
The pressure distribution of the original and optimized airfoils is compared in Fig. 14 at the design cruise condition and when Ma is equal to 0.7. The friction distribution of the original and optimized airfoils is compared in Fig. 15 at the design cruise condition and when Ma equal is to 0.7. It shows that the laminar flow region of the upper surface increases, while the laminar flow region of lower surface has a slight loss on account of pressure drag. The transition location varying with lift coefficient of the upper and lower surface of the original and optimized airfoils is shown in Fig. 16 . The laminar flow re- Table 2 .
Conclusions
In this paper, a method of laminar flow airfoil robust design is established. The NFFD technique is taken as an aerodynamic shape parameterization method. The flow field is calculated through the boundary layer transition program for numerical simulation built by local variables associated c À Re ht transition model coupling SST turbulence model. And the objective function of aerodynamic characteristics of the sample particles is obtained. The separated particle swarm optimization is employed as the optimization framework and the Kriging model is introduced into the optimization process. The aerodynamic optimization design system is established and applied to carrying out robust design about the uncertainty of lift coefficient and Mach number for NASA NLF-0115 airfoil. The results of the optimized airfoil aerodynamic characteristic indicate that this system can improve the performance of airfoil under design and off-design conditions, the optimized airfoil can maintain laminar flow stably in an uncertain range and has a wider range of low drag. 
